Runs-rules are typically incorporated in control charts to increase their sensitivity to detect small process shifts. However, a drawback of this approach is that runs-rules charts are unable to detect large shifts quickly. In this paper improved runs-rules are introduced to the nonparametric sign chart, to address this limitation. Improved runs-rules are incorporated to maintain sensitivity to small process shifts, while having the added ability to detect large shifts in the process more efficiently. Performance comparisons between sign charts with runsrules and sign charts with improved runs-rules illustrate that the improved runs-rules are superior in performance for large shifts in the process, while maintaining the same sensitivity in the detection of small shifts.
Introduction
proposed the nonparametric Shewhart-type control charts based on the wellknown sign test statistic (see e.g. Gibbons and Chakraborti (2010) ) that can be used to monitor any known or specified percentile of a process; this chart is known as the sign chart. The sign chart is based on the classic 1-of-1 signalling rule i.e. the chart signals when the first plotting statistic plots on or outside the control limit(s) and uses only the most recent plotting statistic to determine if the process is in-control (IC) or out-of-control (OOC). Hence, the 1-of-1 sign chart is known to be relatively insensitive to small process shifts (see e.g. Klein (2000) ). Human et al. (2010) addressed this shortcoming of the 1-of-1 sign chart by introducing several runs-type rules such as the 2-of-2 and 2-of-3 runs-rules and showed that their "runs-rules enhanced" sign charts outperform the 1-of-1 sign chart.
Since runs-rules enhanced charts need more than one plotting statistic to be examined (e.g. the 2-of-2 runs-rule needs two plotting statistics), they are not as good at quickly detecting large shifts. As an illustration, consider the upper one-sided 2-of-2 runs-rules enhanced sign chart illustrated in panel (a) of Figure 1 . Note that even though there seems to be a substantial assignable cause present in the process from the fifth time point, the chart only signals at the sixth time point, upon the plotting of the sixth plotting statistic above the upper control limit (UCL). To remedy this, a second upper control limit can 2 be introduced i.e. B UCL , which is placed above the UCL, and the new chart is designed to signal as soon as a single plotting statistic plots on or above the B UCL or if any two consecutive plotting statistics plot on or above the UCL. Hence, the new chart uses two upper control limits i.e.
B UCL and
A UCL , where the latter is taken to be the same as the UCL, which is . the upper control limit associated with the 2-of-2 runs-rules sign chart. So, given the extra control limit, the new chart is expected to be as sensitive as the 2-of-2 runs-rules sign chart for detecting small process shifts but more sensitive to larger shifts.
This new chart is called the upper one-side improved 2-of-2 runs-rules sign chart and is shown in panel The enhanced and the improved runs-rules sign chart. Khoo and Ariffin (2006) introduced improved runs-rules to the Shewhart-type X chart and showed that the resulting chart outperforms the X chart with runs-rules considered by Klein (2000) . We show that this is also the case for the sign chart. It may be noted that Amin et al. (1995) studied the effect of adding warning limits to the sign chart following the work of Page (1962) , Weindling et al. (1970) and Champ and Woodall (1987) for the X control charts. The motivation for introducing warning limits to the sign chart was to improve the efficiency in detecting small shifts in the process. Coincidentally, one of the sign charts of Amin et al. (1995) with warning limits is the same as the improved 2-of-2 sign charts as considered here. However, the motivation for introducing our improved runs-rules chart is different here in that we want the chart to be able to detect larger shifts quicker. Additional contributions in this paper include the derivation of the entire run-length distribution using a Markov chain approach, its moments such as the average run-length (ARL) and the variance of run-length (VRL) as well as formulae for the false alarm rate (FAR). Moreover, we undertake an extensive performance analysis to compare the runs-rules and the improved runs-rules sign charts, which is not done in Amin et al. (1995) .
The results from our study lends support towards the improved runs-rules sign charts as they are seen to be superior in detecting larger process shifts, while maintaining the same sensitivity as the runs-rules in detecting small shifts.
The outline of the rest of the paper is as follows: In Section 2 the plotting statistic of the sign chart is given. In Section 3 notation is defined and a graphical illustration of the improved runs-rules chart is discussed. In Section 4 a summary of the signalling events are given. In Section 5 the formulae that are used to calculate the run-length distribution and some characteristics of the run-length distribution are discussed. In Section 6 the design of the improved runs-rules sign chart is provided. In Section 7 the performance of the improved runs-rules sign charts is discussed. We conclude the article with a summary in Section 8. 
The 1-of-1 sign chart
The plotting statistic in (1) is calculated for each sample and is plotted on the chart to determine if the process is IC or OOC. Note the following three important points:
The plotting statistic i T denotes the number of observations larger than 0  in the th i sample of
, where 0  denotes the known or the specified or the target value of the percentile of interest i.e. being monitored.
ii.
i
T follows a Binomial distribution with parameters n and p , where
is the probability that an observation is larger than 0  .
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iii. If the percentile of interest is equal to its specified value i.e. 0    , the process is said to be IC and in this case p is denoted by
For illustration purposes we focus on the scenario where  denotes the median and 0  denotes the median's known or specified value so that
; more is said about this later.
Runs-rules and improved runs-rules
In this section a graphical illustration of the improved runs-rules charts is discussed and the necessary notation is introduced which is later used to derive the properties of the charts via their runlength distributions. To this end, Figure 2 shows a two-sided improved runs-rules chart with two control limits on both sides of the center line (CL). From Figure 2 we observe the following:
i.
The inner lower (upper) control limit of the improved runs-rules charts is denoted by ii. 
denotes the probability mass (pmf) function of the Binomial distribution with parameters n and Figure 2: The different "zones" on the runs-rules and improved runs-rules control charts. 
Summary of the signalling events
To derive the properties of the control charts we need to properly define the signalling events of each chart. Hence, in this section the signalling events of the 1-of-1, 2-of-2 and improved 2-of-2 control charts are defined -these events are shown in Table 2 .
To explain the notation that is used, consider for example the event
; this is the signalling event of the 1-of-1 upper one-sided control chart. Note the following: 6 i. The subscripts indicate which chart is considered, i.e. the 1-of-1, 2-of-2 etc. and whether it is an upper, lower or a two-sided chart (denoted by U, L or T in the brackets, respectively). In this case the upper one-sided control chart is considered.
ii. The superscript represents the signalling event number; this is necessary because a control chart can have multiple signalling events. In this case the chart has only a single signalling event, so the superscript is 1.
As further examples, consider the events
-the former denotes the second signalling event of the two-sided 2-of-2 chart whereas the latter denotes the third signalling event of the lower one-sided improved 2-of-2 chart (note the I that is in the beginning of the subscript which indicates that the improved chart's signalling event is considered). 
Lower one-sided 2-of-2 Lower one-sided improved 2-of-2
Run-length distribution of the sign charts
The run-length distribution and its various associated characteristics (such as the mean (ARL), the variance (VRL) etc.) reveal important information regarding the performance of a control chart (see e.g. Human and Graham, 2007) . We use a Markov chain approach (see e.g. Fu and Lou, 2003) to derive the necessary results for the proposed sign charts. The essential transition probability matrices of all the control charts are given and the formulas that are used to calculate the elements (transition probabilities) of the essential transition probability matrices are explained.
Transition probabilities
Recall that the sign statistic i T follows a Binomial distribution with parameters n and p
. A probability (element) inside an essential transition probability matrix is associated with the probability of the plotting statistic i T plotting inside a "zone" on the control chart.
The probabilities 9 ,...,
(as defined in Table 1 ) are required to set up the essential transition probability matrices and can be calculated using the expressions given in Table 1 .
Essential transition probability matrices
The essential transition probability matrices for all the charts are provided in Table 3 . Using these matrices, the run-length distribution as well as some associated characteristics can be calculated as follows. 
Run-length distribution and various run-length characteristics
The run-length distribution formulae are as follows:
(expected value of the run-length distribution = ARL) (4)
is the essential transition probability matrix for a given chart,
is the identity matrix. The variable N denotes the run-length random variable and h is an integer value representing the number of transient states i.e. the number of columns or rows in the matrix Q .
Thus the run-length distribution and various associated characteristics of a chart under consideration can be calculated using equations (2), (3), (4) and (5) (2), (3), (4) and (5) refer to Fu and Lou (2003) and Fu, Spiring and Xie (2002) .
False alarm rates
The FAR is the probability that a chart signals when the process is IC. The formula for the FAR of each chart is presented in  . Therefore the sign chart is distribution-free since the probability of a signal (and hence the IC run-length distribution) does not depend on the underlying process distribution as long as the process distribution is continuous.
In order to apply the charts in practice, the control limits are needed. This is discussed next.
Design of the proposed charts
Designing the chart, i.e., finding the control limits, is important for practical applications. In practice one is typically interested in a chart that has good properties, for instance a large IC ARL   0 ARL (a small FAR) and a small OOC ARL. The focus in the remaining part of the paper is on the median chart These IC characteristics of the improved runs-rules sign charts are calculated by evaluating exact expressions using Proc IML in SAS ® 9.2 and are shown in Table 5 for certain values of n , a and b . This table should greatly assist the practitioner in the design and implementation of the chart Note that, because the sign statistic is discrete, it can only assume a finite number of values and consequently, the sign chart can only assume a finite number of ARL and FAR combinations for a certain value of n (i.e. the sample size). However, it should be noted that the possible ARL and FAR combinations increase as n increases. The sample size needs to be at least 9 and 10 for the one-sided and two-sided improved 2-of-2 sign chart, respectively, so that enough of practically usable ARL and FAR combinations are obtained.
Example
An example where the median is monitored is presented to illustrate that the application of the sign charts. In this example the median of the inside diameter measurements of forged automobile engine piston rings are monitored. The observations that was used for this example is given on p.223 in Table   5 .3 of Montgomery (2005) , the observations was supplemented with additional observations given on p.250 in exercise 5.10 of Montgomery (2005) . Note that the data is modified by grouping two consecutive samples of size five together to obtain nineteen samples (i.e. a total of 190 observations) of size 10  n each.
In order to apply the improved 2-of-2 runs-rules sign charts the charting constants are required. Table   6 is provided to aid in choosing appropriate charting constants. A plot of the sign statistics is presented in Figure 3 . It is seen that the two-sided improved 2-of-2 sign chart signals at the 19 th sample. It may be noted that the conclusions are the same for the 1-of-1 and improved 2-of-2 sign charts. Figure 3 is also a visual representation of the two-sided 1-of-1 sign and the two-sided 2-of-2 sign charts. However these charts have different signalling rules and consequently different run-length distributions and run-length characteristics but can be calculated using the methodology discussed in Section 5.
Note that the two-sided 1-of-1 sign chart signals at the 19 th sample since this is the first time that a single plotting statistic plots on or above the UCL=9. However the two-sided 2-of-2 sign chart does not signal at the sample 19 th sample since the chart signals following the event that two consecutive plotting statistics plot on or above the UCL=9.
Performance of the improved runs-rules sign charts
Performance analysis between two competing charts are performed when their 0 ARL and/or FAR are equal or, at least be approximately so. The chart that detects a shift in the process in the least amount of observation (smallest OOC ARL) is declared to be the best chart.
The improved runs-rules charts are compared to the runs-rules charts to illustrate the advantages of the improved runs-rules charts over the runs-rules charts. These performance comparisons were done by evaluating exact expressions using Proc IML in SAS ® 9.2. 
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Recall that our claims are that improved runs-rules sign charts are superior in performance to runsrules sign charts for large shifts, while maintaining the same sensitivity in the detection of small shifts.
Performance analysis is done to confirm these claims.
The performance comparisons between the improved runs-rules sign charts and runs-rules sign charts are done by considering the Normal distribution (which is symmetric), Students-t distribution (which symmetric with heavier tails than the Normal distribution) and the Exponential distribution 
Discussion on the performance analysis results
Considering Tables 7 to 11 the following observations can be made regarding the performance comparison between the runs-rules and improved runs-rules charts: Tables 7, 8 and 9 we can see that the upper and lower one-sided improved 2-of-2 sign charts are as sensitive to small process shifts compared to the upper and lower one-sided 2-of-2 sign charts, while having superior performance in the detection of large process shifts.
From this it can be concluded that the one-sided improved 2-of-2 sign charts are an improvement.

From Tables 10 and 11 we can see that the two-sided improved 2-of-2 sign chart is as sensitive to small process shifts compared to the two-sided 2-of-2 sign chart while having superior performance in the detection of large process shifts. 
Exp (1)  From investigating the performance analysis one can conclude that the improved runs-rules sign charts are as sensitive to small shifts as the runs-rules sign charts, while having superior performance in the detection of large process shifts compared to runs-rules sign charts.
Remark 1
The OOC characteristics for the upper and lower one-sided N(0,1) and t(4) distributions are presented in the same Tables since the distributions are symmetric (i.e. the performance is identical).
The shifts for the lower one-sided charts (downward shifts) are presented in brackets in the column labelled "Shift" (on the left hand side of the tables). 
Remark 2
Note that in order to perform performance analysis a sufficiently large sample size is required so that there is an outer set of control limits that has an absolute minimal influence on the 0 ARL of the improved runs-rules charts. This is done so that the 0 ARL for both runs-rules and improved runs-rules are almost exactly the same by choosing the inner set of control limits of the improved runs-rules charts and the control limits of the runs-rules charts the same. Consequently the sample size is chosen to be 20 in the performance analysis.
Summary and Conclusions
Improved runs-rules are introduced to the sign chart. The run-length distribution of the improved runs-rules sign charts are derived using a Markov chain approach. Performance analysis is carried out to illustrate that the improved runs-rules sign charts are superior in performance to runs-rules sign charts for large shifts in the process, while maintaining the same sensitivity in the detection of small shifts.
The performance analysis confirms that the improved runs-rules sign charts are superior in performance to runs-rules sign charts for large shifts, while maintaining the same sensitivity in the detection of small shifts. We conclude with a summary of the strengths of the improved runs-rules sign charts: 1) Does not require a specified underlying process distribution (nonparametric), 2) Does not require the variance of the process to be established, 3) Can monitor any desirable percentile of the underlying process distribution, 4) Does not require the actual measurements, but only the count of observations within each sample that are larger (or smaller than) the specified value of the percentile of interest, 5) Is as sensitive to small process shifts as existing runs-rules based sign charts but superior in the detection of large process shifts.
On balance it may be said that the improved runs-rules sign charts are slightly more complex than the runs-rules charts. However, there are rewards in terms of better performance.
